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The balanced multiple-valued filing scheme was defined by Ghosh and 
Abraham (1968). They constructed there two types of balanced multiple- 
valued filing scheme of order two. One scheme was obtained by deleting 
a spread generated by parallel ines in a finite affine geometry EG(t, s) and the 
other was obtained by deleting a partial spread generated by all the lines in a 
finite projective geometry PG(t, s) which have one particular point in common. 
The idea of these methods of construction was generalized by Koch (1967). 
In this paper, we shall give a new type of balanced multiple-valued filing 
scheme of order two constructed by deleting a cyclically generated spread in 
a finite t-dimensional projective geometry PG(t, s) where t + 1 is not prime. 
Since the spread identified with the set of attributes and the lines identified 
with the buckets can be generated cyclically in multiplicative representation 
of the points in PG(t, s), the proposed scheme can be implemented easily. 
1. INTRODUCTION 
The recent advent of large-scale, high-speed computers has produced 
the problem of storing large volume of data files of formatted records and 
retrieving a subset of records on the basis of some attributes that constitute 
the records. 
In  many situations each i tem of data may be represented by an m-vector 
each component  of which is a number  ais (alj = 0, 1, 2 ..... n~ -- 1) indicating 
information about the i -th attribute A s (i = 0, 1, 2,..., m - -  1). Each i tem 
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in the file will also have an identifying number ~, different for different 
records. If  a% is a number indicating the value information for attribute 
Ai of the ~-th item, then we call a(a) = (a0~ ° .... , a~_1~_1) the attributes 
vector of the ~-th records. This identifying number ~ together with the 
attributes vector a(c~) constitutes the record of the ~-th item. The set of all 
records constitutes the file. 
In most computerized filing systems, the records are stored in some 
comparatively slow storage device. The starting address of a segment of the 
storage device where the record is stored in its entirety is called the accession 
number of the record. A set of addresses of the comparatively faster memory 
is reserved for storing the accession umbers. Let this set be M. The structure 
of a filing system has three basic components. These are file itself, the 
storage rule which defines the subset a(a) of the elements of M where 
accession umber of the ~-th record is stored, and the retrieval rule for 
finding out the elements of M where accession umbers of the records 
pertaining to any given query relating to any subset of different attribute 
values are stored. The construction of any filing scheme simply involves 
specifying the nature of these components. 
The simplest ype of filing scheme has been the first order inverted filing 
system. It is performed by letting one bucket correspond to each value of 
each attribute. A record is then stored in each of the buckets associated with 
the values of attributes which it posseses. Such system allows efficient 
retrieval of queries specified in terms of only one attribute. However, to 
retrieve a query involving two attributes, one must first extract all records in 
each of the two corresponding buckets and then find the records common 
to the two groups by matching the accession numbers. This matching 
process can require a large amount of computer time. Moreover, the time 
increases as the size of the file increases ince there are then more records to 
be examined in the matching. 
To avoid this matching process for a query involving two attributes, the 
second order inverted filing system can be designed. It is performed by 
letting one bucket correspond to each pair of values of two different attributes. 
A record is then stored in each of the buckets associated with the pairs of 
values of attributes which it possesses. 
The idea of these systems is quite simple and can be extended to a query 
involving more than two attributes. However, the number of buckets often 
increases trikingly as the order k of the inverted filing system increases; 
(The filing system is said to be of order h, if the records pertaining to any k 
values of k different attributes will appear in one and only one bucket.) 
Moreover, the redundancy or the mean number of buckets in which accession 
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number of a record is stored often increases ignificantly as the order of the 
system increases. 
In recent years, research directed at the application of combinatorial 
mathematics to the design of filing system was started and much work has 
been done in this direction such as Abraham, Ghosh and Ray-Chaudhuri 
(1968); Bose, Abraham and Ghosh (1967); Bose and Koch (1969); Ghosh 
(1969); Ghosh and Abraham (1968); Koch (1969); and Ray-Chaudhuri 
(1968). A summary of the work for the case of binary-valued attributes has 
been given by Abraham, Ghosh and Ray-Chaudhuri (1968). The balanced 
filing scheme, denoted by BFS, has been defined there. For the case of 
multiple-valued attributes, the balanced multiple-valued filing scheme 
with parameters (k, no, nl ,..., n~- l ,  b) has been defined by Ghosh and 
Abraham (1968) to be an arrangement of records with m attributes, where 
the vector of the number of values these attributes can take are given by. 
(no, nl ,..-, nm-1), in b buckets, which are not necessarily mutually exclusive 
and which satisfies the following properties: 
(a) The number of records in a bucket will not be greater than the 
number of records in the whole file. 
(b) Records pertaining to any k values of k different attributes will 
appear in one and only one bucket. 
(c) To every bucket there corresponds an algebraic procedure of 
identification. 
The scheme has been called to be of order k and is denoted by BMFSk. 
Ghosh and Abraham (1968) constructed two types of balanced multiple- 
valued filing schemes of order two with parameters k = 2, n o ~ n 1 ~ "'" 
n~_ 1 = n where n was a power of a prime integer. One scheme was obtained 
by deleting a spread generated by parallel lines in a finite affine geometry 
EG(t, s) and the other was obtained by deleting a partial spread generated 
by all the lines in a finite projective geometry PG(t, s) which had one 
particular point in common. In .each case, the remaining lines in the deleted 
geometry were identified with the buckets. 
The idea of these methods of constructing BMFS 2 was generalized by 
Koch (1967) into the schemes obtained by deleting a spread and a partial 
spread of c-flats in finite affine geometry and finite projective geometry, 
respectively. 
Bose, Abraham and Ghosh (1967) and Bose and Koch (1969) treated the 
schemes of order more than two. Recently, Ghosh (1969) has constructed 
a particular type of BMFS 2 of order two with different number of levels. 
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In this paper, we give a new type of BMFS of order two constructed by 
deleting all lines lying on a cyclically generated spread in a finite projective 
geometry PG(t, s) where t + 1 is not prime. Since the lines, which are 
identified with the buckets, and the spread, which defines the correspondence 
between the points and the values of the attributes, can be generated 
cyclically in multiplicative form of the representation of points in PG(t, s) 
(cf. Yamamoto, Fukuda and Hamada, 1966), the BMFS~ presented here 
can be implemented easily. 
2. GALOIS FIELDS AND FINITE PROJECTIVE GEOMETRIES 
The cyclic property of points and fiats in a finite projective geometry 
PG(t, s) of t-dimension based on the Galois field GF(s), where s is a prime 
power, was studied by Rao (1945) and has been extensively studied by 
Yamamoto, Fukuda and Hamada (1966). We shall describe it briefly in the 
following paragraphs. 
Galois field GF(s ~+1) can be represented as residue classes of polynomials 
over GF(s) modulo f(x), where f(x) is an irreducible polynomial of degree 
t + 1 over GF(s). An irreducible polynomial can be chosen to be a minimum 
function f(x) = x ~+1 + a,x ~ + ... + aax + a o whose roots are primitive, 
i.e., the order, or the least integer l satisfying x z = 1, of a root x o f f (x)  is 
s ~+1 --  1. Galois field GF(s ~+1) can, on the one hand, be represented by a set 
of the standard representatives of the residue classes modulo f(x) as 
GF(s~+~) - -  {c~x~ + C~_lX ~-1 + --- + Co ; c~ ~ OF(s), i = 0, 1 ..... t}. (2.1) 
This polynomial expression of the standard representatives is called additive 
form and can sometimes be expressed by the set of (t + 1)-tuples as 
GF(s ~+~) = {(ct, c,_1 ..... Co); c~ ~ GF(s), i = 0, I,..., t}. (2.1)' 
Nonzero elements of GF(s ~+1) can, on the other hand, be expressed by the 
powers x z (l z 0, 1, 2,..., s *+1 --  2) of a primitive element x. Thus we have 
OF(s '+1) = {0, 1 = x °, xl , . . . ,  x*'+l-=}. (2.2) 
This power expression is called multiplicative form and can sometimes 
be expressed by recording the power of x only for a nonzero element of 
GF(s*+I). 
The expression in additive form is used extensively in the literatures 
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concerning the theory and the application of Galois fields, finite projective 
geometries and finite affine geometries. The expression in multiplicative 
form will be used here practically as will be seen in the following paragraphs. 
When and only when t + 1 is a multiple of a positive integer d + 1, 
s *+1 - -  1 is a multiple of s a+l - -  1. In such case, the order of x m, where 
m = (s ~+1- 1)/(s a+l -  1) and x is a primitive element of GF(s~+I), is 
s a+l - -  1. Hence x ~ is one of the primitive elements of GF(sa+I). Galois field 
GF(s a+l) can, therefore, be represented as a subfield of GF(s*+I), i.e., 
GF(s a+a) = {0, x °, x% x2%..., x(Sa+l-m~}. (2.3) 
In particular, we have a representation of the base field GF(s) in multiplicative 
form, i.e., 
GF(s) = {0, x °, x%.., x ~*-=)'~} (2.4) 
for d = 0 and v = (s ~+l - -  1) / (s- -  1). 
A finite projective geometry PG(t, s) of t-dimension is defined as a set of 
points satisfying the following conditions: 
(i) A point v in PG(t, s) is a nonzero element of GF(s*+I). 
(ii) Two points v and/~ represent the same point when and only when 
there exists a nonzero element a of GF(s) such that / ,  = av. 
(iii) A d-flat or d-dimensional linear subspace in PG(t, s) is defined 
as a set of points spanned by d -}- 1 linearly independent points Vo, v 1 ,..., v a 
over GF(s), i.e., a set of points generated by all nontrivial linear combinations 
aov o + air i + "'" + any a over GF(s). 
From (2.2) and (2.4) we have a compact representation of PG(t, s) as 
PG(t, s) = {x °, x i, x 2 ..... x~-i}, (2.5) 
orSrecording the powers of x only as 
PG(t, s) --+ {0, 1, 2,..., v - -  1}, (2.5)' 
where v = (s *+1 - -  1)/(s - -  1). F rom (2.3) we have a compact representation 
of PG(d, s) as 
PG(d, s) = {x °, x m, x2%..., X~n-l~m}, (2.6) 
or 
PG(d, s) --~ {0, m, 2m ..... (n - -  1)m}, (2.6)' 
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where m = (s t+l - -  1)/(s a+~ -- 1) and n = (s a+~ -- 1)/(s --  1). Since x m is a 
primitive element of GF(sa+l), d @ 1 points x °, x ~, x2~%.., x am are linearly 
independent over GF(s) and the remaining points in PG(d, s) can be 
represented as linear combinations of these d + 1 points. Thus the represen- 
tation (2.6) or (2.6)' of PG(d, s) is one of the d-flats in PG(t, s) represented 
by (2.5) or (2.5)'. 
A point in PG(t, s) can also be represented by a normalized additive form 
(ct, ct-1 ,..., Co) where the first nonzero element is unity, since the multiples 
of an additive form by nonzero elements in GF(s) represent the same point 
in PG(t, s). 
The number of d-fiats in PG(t, s) is given by 
¢( t ,  d ,  s)  = (s "  - -  1 ) (s  t - -  1) "" ( s  ~-a+l  - -  1) 
( s~+l  - -  1 ) (s~ - -  1) "" (s  - -  1)  
(2.7) 
In particular, the number of points in PG(t, s) is given by 
v = ¢(t, O, s) = (s t+l -- 1)/(s - -  I). 
Given a d-flat Va(O) spanned by a set of d ~- 1 linearly independent 
points x bo, x bl ..... x be in PG(t, s), cyclically shifted d + 1 points x bo+c, 
xbl+%.., x bd+c are linearly independent and span a d-flat, denoted by Va(c), 
for any positive integer c. When Va(c) coincides with Va(0) for some positive 
integer c, c is called a cycle of the flat Va(O). Since x ~ is a nonzero element of 
GF(s), Va(v) = Va(O) holds for any d-flat Va(O). Thus v is a cycle of any flat 
in PG(t, s). The least integer of the cycles of a flat is called the minimum 
cycle of the flat (cf. Yamamoto, Fukuda and Hamada, 1966). 
A set of flats in PG(t, s) is called a spread provided that each point in 
PG(t, s) is contained in one and only one member of the set. 
For constructing a BMFSe given in this paper, the following theorem is 
fundamental. 
THEOREM 1.1. _/t necessary and sufficient condition for the existence of a 
spread in PG(t, s) is that t + 1 is not prime. When d + 1 divides t -~ 1, there 
exists a spread of d-flats which is cyclically generated from an initial d-flat 
in PG(t, s). 
Proof. I f  a spread of d-flats for some positive integer d (1 ~ d ~< t --  1) 
exists, the number of points in a d-fiat, ¢(d, 0, s) = (s a+~ -- 1)/(s --  1), must 
divides the number of points, v = 6(t, 0, s) = (s t+l -- 1)/(s --  1), in PG(t, s). 
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Thus  we necessarily have that t + 1 is a mult iple of d + 1. Conversely, 
when t + '1 is not prime and is a mult iple of some positive integer d + 1, 
say, a set of m = (s t+l - -  1)/(s a+l - -  1) d-flats generated cyclically from an 
initial d-flat Va(O), which is spanned by d + 1 l inearly independent points 
x °, x% x2~,..., xa% constitutes a spread, since all flats Va(O), Va(1),... , 
Va(n- -1 )  are disjoint and cover every point in PG(t ,  s), where 
m = (s ~+1 - -  1)/(s a+l - -  1) is a min imum cycle of the flat Va(O). 
The constructed spread of d-flats can be expressed as follows: 
V,(0) = {x0, ~, x%... ,  x '"-1~} 
--+ {0, m, 2m,..., (n - -  1)m} 
Va(1) = {x 1, x l+m, xl+2m,..., x l+("-l)m} 
- -~{1,1+m,  1 +2m ..... l+(n - -  1)m} 
Vdq ) = {X/, X '+m, Xi+2m,..., Xi+("- l )  m} 
- -+{ i , i  + m, i  + 2m, . . . , i  + (n - -  1)m} 
(2.8) 
Va(m - -  1) = {X m-l,  x m-l+m, xm-l+2m,..., x(m-a)+ln-1)m} 
--* {m - -  l, m - -  l+m,m- - l+Zm ..... (m-- 1)+(n--1)m} 
where m = (s *+1 - -  1)/(s a+l - -  1) and n = (s a+l - -  1)/(s - -  1). 
EXAMPLE. As an i l lustration of the theory presented in this paper, we 
shall consider the finite geometry PG(3,  2), i.e., the case t = 3 and s = 2, 
throughout this paper. 
Let x be a root of a minimal  polynomial x 4 + x + 1 over GF(2). Then  
15 (=4(3 ,  0, 2)) points in PG(3,  2) are represented either in multiplicative 
or in additive form as follows: 
x °= 1 x 5=x ~+x x l °=x  2+x+l  
x 1 =x  x 6 =xa+x 2 x 11 =x3+x=+x 
X 2 = X 2 x 7 =x  a+x+ 1 x 12=x 3+x 2+x+ 1 
x 8=x a x 8 =x  2+ 1 x la =x  a+x ~+ 1 
x 4=x+ 1 x 9 =x  3+x x 14=x 3+ 1. 
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In PG(3,  2), since 4 (=t  + 1) is a multiple of 2 (=d -< 1), there exists a 
spread of 5 (=m)  lines (d -- I) of 3 (=n)  points each, i.e., 
Zl(O ) = {x O, x 5, X 10} -~" {0, 5, 10}, 
Vx(1) - -  {x 1, x 6, x 11} -->- {1, 6, 11}, 
V1(2) = {x ~, x v, x ~2} --,- {2, 7, 12}, 
v~(3) = {x~, .~, .~} -+ {3, 8, 13), 
V,(4) = {x 4, x 9, x ~4} --+ {4, 9, 14} 
(to be continued). 
3. DESIGN OF BMFS 2 
3.1. Correspondence Between Points and Att r ibute-Va lues  
As is described in Theorem 1, if t 4- 1 is not prime, there exists a cyclically 
generated spread of d-flats in PG(t ,  s) for some d such that d d- 1 divides 
t 4- 1. The number of d-flats m in the spread and the number of points n 
in each of the flats are given by 
m ~- (s t+l - -  1)/(s a+l - -  1), n = (s a+l -  1)/(s - -  1), (3.1) 
and a representation of the spread is given by (2.8). 
In connection with the representation of the spread, the totality of v 
points is partitioned into disjoint m groups of n points each. I f  we let each 
d-flat Va(i ) of the spread correspond the attribute A i (i = O, 1,..., m - -  1), 
and let each point x i+j~ (or i + jm)  on the d-flat correspond the value aij of 
attribute Ai  of the records, then we can set up a one-to-one correspondence 
between the points in PG(t ,  s) and the values of the attributes in the records, 
i.e., each point x ~ (l = O, 1 .... , v - -  1) corresponds to j - th value of i-th 
attribute if and only if m-adic representation of l is l = i 4- jm (0 ~ i 
m -- 1, 0 ~< j ~< n - -  1). The pair ( i , j )  of the representation i dicates the 
corresponding attribute-value information. 
Under the correspondence, ach record corresponds to a set of m points 
each of which lies on different d-flat of the spread, for it has one and only 
one value in each of the attributes. A record, therefore, can be represented 
by reeording the pairs of attribute-value informations as 
{(0,j0*), (1,jl*),... , (m --  1,j*_l) ) (3.2) 
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or simply by m-tuple, each component of which indicates the value of the 
corresponding attribute, as 
{Jo*,Jl*,...,J*-l}. (3.2)' 
The latter with its accession umber may be used as a compact representation 
of the record. It can also be represented by recording the powers of points 
in multiplicative form as 
(10",/1",..., l*_1}, (3.2)" 
where lv* ---- v + j , *m for v = 0, l,..., m -- 1. 
EXAMPLE (continued). Consider a set of records with 5 (=m) attributes 
which assumes one of the 3 (=n)  values each. The correspondence b tween 
point l (or x ~) in PG(3, 2) and j-th value of i-th attribute (or attribute-value 
information (i, j)) can be established as is given in Table I. The 
correspondence will also be seen in Table II. 
TABLE I 
(Mult. --~ Add.) 
Multiplicative Attribute-value Additive form 
form information coeff, of 
( l  = i + jm)  (i ,  j )  x 8 x ~ x 1 x ° 
0 (0,0) (0 0 0 1) 
1 (1,0) (0 0 1 O) 
2 (2,0) (0 l 0 O) 
3 (3,0) (1 0 0 O) 
4 (4,0) (0 0 1 1) 
5 (0,1) (0 1 1 O) 
6 (1,1) (1 1 0 O) 
7 (2,1) (1 0 1 1) 
8 (3,1) (0 1 0 1) 
9 (4,1) (1 0 1 O) 
10 (0,2) (0 1 1 1) 
11 (1,2) (1 1 1 O) 
12 (2,2) (1 1 1 1) 
13 (3,2) (1 1 0 1) 
14 (4,2) (1 0 0 1) 
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TABLE II 
(Add. -+ Mult.) 
Additive (coeff. of) Multiplicative Attribute-value 
x a x ~ x 1 x ° 1 = i4 - jm ( i , j )  
(0 0 0 1) 0 (0,0) 
(0 0 1 0) 1 (1,0) 
(0 0 1 1) 4 (4,0) 
(0 1 0 0) 2 (2,0) 
(0 1 0 1) 8 (3,1) 
(0 1 1 O) 5 (O, 1) 
(0 1 1 1) 10 (0,2) 
(1 0 0 O) 3 (3,0) 
(1 0 0 1) 14 (4,2) 
(1 0 1 0) 9 (4,1) 
(1 0 1 1) 7 (2,1) 
(1 1 0 0) 6 (1,1) 
(1 1 0 1) 13 (3,2) 
(1 1 1 0) 11 (1,2) 
(1 1 1 i) 12 (2,2) 
These tables are prepared in order to facilitate the conversion of the representa- 
tion form to and from multiplieative and additive which will be used later. 
A record is represented by recording its attribute-value informations as, 
for example, 
{(0, 1), (1, 2), (2, 0), (3, 1), (4, 2)} 
or simply by recording the values of corresponding attributes, 
{1,2,0 ,  1,2} 
(to be continued). 
3.2. Const ruct ion  o f  the  Buckets  
In defining our filing scheme, each line in PG( t ,  s) which does not lie in 
any of the d-fiats in the spread is identified with the bucket. Since there 
exists one and only one line (or bucket) for any pair of points (or pair of 
values) which does not lie on the same d-flat (or does not belong to the same 
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attribute), those set of buckets satisfy the condition (b) of a BMFS2. The 
number of such lines (or buckets) b is given by that of all lines in PG(t, s) 
minus that of all lines lying on the d-flats in the spread, i.e., 
b = ¢(t ,  1, s) - me(a, ~, s) 
(3.3) 
n2m(m -- l) 
s(s + 1) 
Since a line in PG(t, s) can be represented completely by listing the 
powers of those s + 1 points on the line in multiplicative form as 
{/o,/1 ,...,/~}, (3.4) 
it can also be represented by listing the corresponding s + 1 pairs of 
attribute-value informations as 
{(io, Jo), (il , Jl),..., (is, j~)}, (3.4)' 
where i s+ j~m =l~ and a =0,1  .... ,s. The latter may be used as an 
identification umber of the bucket. It may be convenient o arrange those 
pairs in the order of the attributes uch that i 0 < i 1 < "" < i , .  : 
The identification number of the line passing through a pair of given 
points l (= i  + jm)  and F (= i '  4-j 'm) marc be determined as followS: 
(i) Convert l and l' into normalized additive form (c,, c~-1 ,..., Co) 
and (c~', c~_ 1 ,..., co' ) by using a minimum function or by table look-up, 
where the first nonzero element of each vector is 1. 
(ii) Find s --  1 projective linear combinations over GF(s), - 
(4a), (o) 4°)) , c~_1 .... , ~ (c, c , -1  , . . . ,  c0) + a(c , ' ,  c , _ ,  ,..., c0') 
of those vectors found above and normalize them, if necessary, so that the 
first nonzero element of each vector is 1 by division in GF(s). 
,~,a, 4% 4 a') (iii) Convert t , , _ ,..., into multiplicative form l (=) 
(=i(a) + j(a)m) by using the minimum function or by table look-up. 
(iv) Arrange (i, j), (i', j '), and (i(~), j(a)) ,in the order of the 'attributes. 
Thus our set of buckets satisfies the condition (c) of a BMFS2. 
The  :totality of the identification umbers of the buckets can be obtained 
by utilizing the cyclic properties: of the flats in: PG(t, s) described, fully in 
Ymnamoto, Fukuda and Hamada (1966). :Thus, once a line {lo, l 1 ,..,, l,} has 
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been determined by the above procedures, cyclically generated line 
{/o + c, l 1 -]- c,..., l~ + c} for a positive integer c is also a line required to 
obtain. We can, therefore, find 0 lines by this procedure, where 0 is the 
minimum cycle of the initial line. In selecting an initial line, it is useful to 
note that we can assume l 0 = 0 without loss of generality. Thus the selection 
procedure of those initial lines may be reduced to the selection procedure of 
l 1 without producing a duplication in cyclic generation of lines. 
The totality of the identification umbers of the buckets will be stored in 
a comparatively faster memory in an appropriate ordering, say, in the order 
of io , Jo , il , J l ,..., is and j~. 
EXAMPLE (continued). The number of buckets or lines of our scheme 
based on the spread of PG(3,  2) is b = 4(3, 1, 2) -- 5 = 30. The identi- 
fication numbers of those buckets may be determined by the following steps: 
(i) An initial line g0, 1, 4} passing through two points 0 and 1 in 
multiplicative form will be determined by the procedure described in Section 
3.2 using Tables I and II. 
(ii) Cyclic change modulo 15 of these powers of the points in the 
initial line will generate 15 lines as 
{0, 1, 4} {5, 6, 9} {10, 11, 14} 
{1, 2, 5} {6, 7, 10} i l l ,  12, 0} 
{2, 3, 6} {7, 8, 11} {12, 13, 1} 
{3, 4, 7} {8, 9, 12} {13, 14, 2} 
{4, 5, 8} {9, 10, 13} {14, O, 3} 
(iii) Another initial line {0, 2, 8} passing through two points 0 and 2 
will be determined since 0 and 2 do not appear simultaneously in any of the 
line obtained in the earlier steps. 
(iv) Cyclic change of these powers of the points will generate the 
remaining 15 lines as 
{0, 2, 8} {5, 7, 13} {10, 12, 3} 
{1, 3, 9} {6, 8, 14} {11, 13, 4} 
{2, 4, 10} {7, 9, O} {12, 14, 5} 
{3, 5, 11} {8, 10, 1} {13, O, 6} 
{4, 6, 12} {9, 11, 2} {14, 1, 7} 
643121 [ z-6 
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(v) Those powers of points will be converted into attr ibute-value 
informations and those 30 buckets will be rearranged by the procedure 
described in Section 3.2 as is given in Table  I I I .  
TABLE I I I  
B1 = {(0, 0), (1, 0), (4, 0)} B16 = {(0, 2), (2, 0), (4, 0)} 
B2 = {(0, 0), (1, 1), (3, 2)} B,7 = {(0, 2), (2, 2), (3, 0)} 
B~ = {(0, ), (1, 2), (2, 2)} Bls = {(0, 2), (3, 2), (4, 1)} 
B, = {(0, 0), (2, 0), (3, 1)} B19 = {(1, 0), (2, 1), (4, 2)} 
Bs = {(0, 0), (2, 1), (4, 1)} B20 = {(1, 0), (2, 2), (3, 2)} 
B6 = {(0, 0), (3, 0), (4, 2)} B2, = {(I, 0), (3, 0), (4, 1)} 
B~ = {(0, 1), (1, 0), (2, 0)} B~2 = {(1, 1), (2, 0), (3, 0)} 
Bs = {(0, 1), (1, 1), (4, 1)} B~a = {(1, 1), (2, 2), (4, 0)} 
B0 = {(0, 1), (1, 2), (3, 0)} B24 = {(1, 1), (3, 1), (4, 2)} 
B~o = {(0, 1), (2, 1), (3, 2)} B25 = {(1, 2), (2, 0), (4, 1)} 
Bn = {(0, I), (2, 2), (4, 2)} B2n = {(1, 2), (2, 1), (3, 1)} 
B~2 = {(0, 1), (3, 1), (4, 0)} B~7 = {(1, 2), (3, 2), (4, 0)} 
B13 = {(0, 2), (1, 0), (3, 1)} B2s = {(2, 0), (3, 2), (4, 2)} 
B~4 = {(0, 2), (1, 1), (2, 1)} B29 = {(2, 1), (3, 0), (4, 0)} 
B15 = {(0, 2), (1, 2), (4, 2)} B~0 = {(2, 2), (3, 1), (4, 1)} 
For  an il lustration of step (i) we shall show how to determine the identi- 
fication number  of a bucket or line which contains a pair of attribute values, 
say (0, 1) and (2, 2) or 5 and 12. First, two attribute values (0, 1) and (2, 2) 
or 5 and 12 in multipl icative form will be converted into (0 1 1 0) and (1 1 1 1) 
by Table  I. Addit ion of (0 1 1 0) and (1 1 1 1) over GF(2) will yield (1 0 0 1), 
and this is only one projective linear combinat ion of the pair of points. Then  
it will be converted into 14 or (4, 2) by Table I I .  Thus  the identification 
number  of the bucket will be {(0, 1), (2, 2), (4, 2)} (to be continued). 
3.3. Storing Procedure 
Storing procedure of a record (Jo*, Jl*,.-.,J~*-l) consists of the following 
steps: 
(i) With respect to a bucket {(io, Jo), (/1, jl),..., (i~, j~)}, comparison 
is made among s + 1 values of the attributes and the corresponding s + 1 
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values of the record one after another and construct a list with 0 - -  1 elements 
(%,el .... ,e~) (3.5) 
representing whether each corresponding value of the record coincides with 
that of the bucket or not, i.e., 
~1, if j ;  = j~, 
e~ = t0, otherwise, 
for i~-th attribute (/~ = 0, 1,..., s). 
(ii) The accession number of the record will not be stored in the 
bucket if the record and the bucket have no point in common, i.e., if 
~-~;~o ~o = O. 
(iii) The accession number of the record will be stored in a subset 
identified by (3.5) which is called a sub-buchet of the bucket if the record 
and the bucket have two or more points in common, i.e., if ~=o Ea ~> 2. 
(iv) The accession umber of the record will be stored in a sub-bucket 
identified by (3.5) if the record and the bucket have exactly one point in 
common, say l v = i v + j~m,  i.e., ~2~=o ~ = 1 with % = 1, provided the 
bucket contains another point l, + 1. (Note that l~ + 1 = (i, + 1) + j~m 
for i~ : /=m--1  and l~+ 1 =0+( j ,+  1)m (reduced modulo v) for 
i~ = m --  1.) Otherwise, the record will not be stored even if Z~=0 e~ = 1 
hold with % = 1. 
(v) These processes will be continued with respect to each of the 
b buckets one after another. 
Storing procedure shows that our scheme satisfies the condition (a) of 
a BMFS~. 
We may note here about the process (iv) in some detail. I f  the scheme is 
designed for those queries of order two exclusively, the process (iv) may be 
altered to that the record will not be stored when ~2~=0 re = 1. In this case, 
the number of sub-buckets of each bucket is 2 ~+1 --  (s + 2). In order to 
accomodate the scheme for the queries of order one in addition to those of 
order two and avoid complex chaining technique, it is advisable to store the 
record in the bucket if the bucket satisfies some specific criterion when 
52~=o eB = 1. A criterion which has been recommended is that of first 
appearance (cf. Bose and Koch, 1969; Koch, 1967; Ray-Chaudhuri, 1968), 
i.e., if the bucket is the first one which contains the point l~ -= i v + j~m. 
The criterion presented here is new and superior to that of first appearance 
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in that the distribution of the number of sub-buckets becomes in our case 
more evenly than the case of first appearance, since one and only one bucket 
has such a pair of consecutive points l~ = i~ -7 jvm and l~ -7 1 for each point 
l~. I f  two different pairs of consecutive points {l, 1-7 1} and {l', l' -7 1} were 
contained in the same bucket or collinear, then 
ax  ~ @ bx t+l = x v, 
cx ~ -7 dx  ~+1 = xV+l, 
hold for some a, b, c, and d in GF(s) .  Thus we have 
cx ° + (d  - a) x 1 -  bx 2 =0,  
and we have c=0,  d=a,  and b =0,  for x ° ,x  t and x 2 are linearly 
independent. Hence, we have x v --- ax  z and x z'+l = dx  ~+1 which contradict 
the assumption. 
In our case, each of the v buckets of the above-mentioned type has 
2 s+l - -  (s + 1) sub-buckets and each of the remaining b --  v buckets has 
2 8+1 - -  (s -7 2) sub-buckets. 
EXAMPLE (continued). Storing procedure of the accession numbers of 
the records will be illustrated by considering a record with attribute-value 
vector (1, 2, 0, 1, 2). With respect o the bucket B 5 = {(0, 0), (2, 1), (4, 1)}, 
a list @0, el, e2) = (0, 0, 0) with ~ eo = 0 will be obtained by comparing 
values of 0-th, 2-nd and 4-th attributes of the record to the corresponding 
values of the bucket. Thus the accession umber of the record will not be 
stored in this bucket. With respect o the bucket Bll = {(0, 1), (2, 2), (4, 2)}, 
a list (1, 0, 1) with ~ E~ = 2 will be obtained. Thus the accession umber of 
the record will be stored in the (1, 0, 1) sub-bucket of this bucket. With 
respect o the bucket B22 = {(1, 1), (2, 0), (3, 0)}, a list (0, 1, 0) withY', e~ = 1 
and el = 1. The bucket contains another point 3 = 3 + 0 × 5 in addition 
to 2 = 2 -7 0 × 5. Thus, the accession umber will be stored in the (0, 1, 0) 
sub-bucket of this bucket. With respect o the bucket B16 = {(0, 2), (2, 0), 
(4,0)}, a list (0,1,0) with ~2e~ = 1 and e 1 = 1 will be obtained. The 
accession umber, however, will not be stored in this bucket, since it does 
not contain another point (3, 0) in addition to (2, 0) (to be continued). 
3.4. Ret r ieva l  Procedure 
The retrieval procedure for any query of order two which requires to 
retrieve all accession umbers of the records pertaining to the specified values 
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for two attributes, say (i, j) and (i', j ' )  with i = i', consists of the following 
steps: 
(i) The identification umber of the bucket, say {(i0, J0), (il, Jl),..., 
(is, j~)}, which has two points i + jm and i' + j 'm in common will be 
determined by the method described in Section 3.2, where (i, j) = (ion, jo~) 
and (i', j ')  = (iB, JB), say. 
(ii) All accession umbers tored in those 2 s-2 sub-buckets of the bucket 
identified by (%, q ,..., ~) with e~ = e~ = 1 will be retrieved by chaining 
technique. 
The retrieval procedure for any query of order one which requires to 
retrieve all accession umber of the records pertaining to the specified value 
for one attribute, say (i, j), consists of the following steps: 
(i) The identification umber of the bucket, say {(i0, J0), (il, Jl),--., 
(i~, j~)} which has another point l' = l + 1 in addition to the point l -~ i + jm 
in common will be determined, say (i, j) = (is, j~). 
(ii) All accession umbers stored in those sub-buckets of the buckets 
identified by (%, E 1 .... , e~) with ~ = 1 will be retrieved by chaining 
technique. 
Storing procedure shows that every record which has those specified values 
concerned is stored in one of the sub-buckets once and only once. All of the 
required records, therefore, are retrieved by the above procedure. 
EXAMPLE (continued). Retrieval procedure for a query of order two 
may well be illustrated by showing the procedure of retrieving all records 
pertaining two attribute-value informations (2, 2) and (4, 2). By the same 
procedure described above the bucket identification umber Bll = {(0, 1), 
(2, 2), (4, 2)} passing through these two points will be determined. All 
accession numbers stored in the sub-buckets (0, 1, 1) and (l, 1, 1) are all 
records which have to be retrieved, since they have either (%, el, e2) = 
(0, 1, l) or (1, 1, 1) for this bucket. Retrieval procedure for a query of order 
one will be illustrated by showing the procedure of retrieving all records 
pertaining to an attribute-value information (2, 2). The identification 
number of the bucket Be0 = {(1, 0), (2, 2), (3, 2)} passing through another 
point 13 = 3 + 2 × 5 in addition to 12 = 2 + 2 × 5 will first be deter- 
mined. Then, all accession numbers stored in the sub-buckets (0, 1, 0), 
(1, 1, 0), (0, 1, 1) and (1, 1, 1) of this bucket are all which have to be 
retrieved. 
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4. REDUNDANCY 
In BMFS2 discussed in Section 3, the accession number of a record is 
stored in more than one bucket, and this will give rise to redundant storage. 
The average number of times the accession numbers stored in the filing 
scheme is called the redundancy of the filing scheme. 
The expression for the redundancy of our filing scheme will be given 
under the assumption that the frequency distribution of the different types 
of records in the file is uniform. The number of records in the file is, therefore, 
some multiple of n ~. In calculating the redundancy, it is sufficient o assume 
that total number of records is n ~. 
Let us evaluate the number of records which will not be stored in a bucket. 
It  is given either by 
(n - -  1) *+1 n ~-8 -1  + (s + 1)(n - -  1) 8 n m-8-1  
= (n --  1) 8 nm-s-l(n -~ S) (4.1) 
8 
for each of the b -- v buckets where those records with ~=o e~ < 2 will 
not be stored, or by 
(n --  1)8+1 n~-8-1 + s(n - -  1) '  n " -8 -1  
= (n --  1) 8 n~-8-1(n + s) - -  (n --  1) 8 n "-8-1 (4.1)' 
8 
for each of the v buckets where some of the records with Z~=0 E~ = 1 and 
e v = 1 will be stored. The total number of records which will be stored 
in the filing scheme is 
{n ra - -  (n 1) s nm-8-1(n -1- 8)}b ~- (n - -  1) 8 n~-8-1v. (4.2) 
Thus, the redundancy of our filing scheme is given by 
R=m(m--1)  n~ l l - - (1 - - ! ) s (  1 +~-) I  +m(1- -1 )  8 . (4.3) 
s(s + 1) 
In the filing system discussed in our example I since m = 5, n = 3, s ----- 2 
and b = 30, the redundancy of the scheme is 10. 
Consider the corresponding inverted filing scheme for the records of m 
attributes with n values each. There are (~)n 2 buckets with n ~-2 records 
each for the queries of order two and (~n)n buckets with n ~-1 records each 
for the queries of order one, The number of the buckets bl is given by 
(m) 
be = n2 + 1 n .= ½mn(mn - -  n + 2) (4.4) 
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and the redundancy R1 is given by 
m 
RI :  (2 )  +(7  ) . (4.5) 
In the inverted filing scheme with m = 5 and n = 3, bx = 90 + 15 = 105 
and RI : 15. Both are considerably greater than b = 30 and R = 10 of 
our BMFS 2 . 
In general, we can prove the following theorem: 
THEOREM 5.1. The inequalities 
b < b, and R < R~ 
hoM for every BMFS 2 based on cyclically generated spread of fiats in finite 
projective geometry and corresponding inverted filing scheme. 
Proof. Since 
m(m -- 1) n2 @ mn > m(m --1) n2> 
2 2 
we have b < b~. It  can be shown that the inequality 
holds for 2 ~< s < n. Thus we have 
m(m -- 1) n 2 
s(s + 1) 
We also have 
s(s + 1) 
m(m - -  l )  n ~ 
s(s + 1) 
l'--(' 
m(i 
= b, 
for 2 <~ s < n. Thus we have R </71 .  
We may note that the first term of the right hand member of (4.3) is the 
redundancy of the BMFS~ which concerns the queries of order two exclusively 
and corresponding term o f  (4.5) is that of corresponding inverted filing 
system of order two. 
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5. PARAMETERS OF THE BMFS~ 
The  parameters m, n, b and R of our BMFS 2 with s, t, d; the corresponding 
parameters b1 and Rx of the inverted scheme; and the ratios (b~ - -  b)/bx and 
(R I  - -  R ) /R I  which show the reduction rates of our BMFS 2 are given in 
Table  IV  for ' those schemes atisfying m < 100 and n < 100. Considerable 
reduction in number  of buckets would contr ibute in reducing the table 
size as well as search t ime and in redundancy would contr ibute in reducing 
the size of the file. 
TABLE IV  
s t d 
2 3 1 
2 5 1 
2 5 2 
2 7 1 
2 7 3 
2 8 2 
2 9 4 
3 3 1 
3 5 1 
3 5 2 
3 7 3 
4 3 1 
4 5 2 
5 3 1 
7 3 1 
9 3 1 
~n n 
21 3 
9 7 
85 3 
17 15 
73 7 
33 31 
10 4 
91 4 
28 13 
82 40 
17 5 
65 21 
26 6 
50 8 
82 10 
b R 
30 
630 
588 
10710 
10200 
42924 
169136 
120 
10920 
10647 
186549 
340 
9•728 
780 
2800 
7380 
10.00 
172.67 
39.18 
2814.44 
•44.76 
2431.35 
547.55 
35.63 
2896.36 
362.37 
752.46 
96.29 
1942.37 
215.76 
757.98 
1979.36 
b1 RI 
105 15 
1953 231 
1827 45 
32385 3655 
30855 153 
129283 2701 
508431 561 
760 55 
65884 4186 
64246 406 
1122576 3403 
3485 153 
918645 2145 
11856 351 
78800 1275 
332920 3403 
(b, - b)/b, (R, - R ) /R ,  
0.71 0.33 
0.68 0.25 
0.68 0.13 
0.67 0.23 
0.67 0.05 
0.67 0.10 
0.67 0.02 
0.84 0.35 
0.83 0.31 
0.83 0.11 
0.83 0.78 
0.90 0.37 
0.90 0.09 
0.93 0.39 
0.96 0.41 
0.98 0.42 
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